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(ŷ

)
<

H
(u

)

∆
H

=
H

2
−

H
1
+

H
1
−

H
0
<

0

1
2



B
ase

L
earn

er

•
Y
arow

sky
d
ecision

list
learn

er
d
o
es

n
ot

m
axim

ize
likelih

o
o
d

•
A

learn
er

th
at

d
o
es:

D
L
-E

M

π
(f
|x

)
=

1/m

π
(j|f

)
=

θ
f
j

π
(f

,j|x
)

=
1m

θ
f
j

π
(j|x

)
=

∑

g
∈
F

x

1m
θ
g
j

π
(f
|x

,j)
=

1

π
(j|x

)

(

1m
θ
f
j

)

θ
n
e
w

f
j

=
1Z

∑

x
∈
Y

j π
(f
|x

,j)

1
3



T
h
eorem

2

D
L
-E

M
d
ecreases

D
Λ

•
C
orollary

A
lgorith

m
Y

-1
w

ith
D

L
-E

M
as

b
ase

learn
er

con
verges

to
a

lo
cal

m
in

im
u
m

of
H

(a
lo

cal
m

ax
im

u
m

of
likelih

o
o
d
)

1
4



P
ro

o
f
S
ketch

•
R
ed

u
ction

in
D

Λ
can

b
e

expressed
as:

gain
=
−

∆
D

Λ
=

log
π

n
e
w(j|x

)
−

log
π

o
ld(j|x

)

•
E
M

algorith
m

is
b
ased

on
n
on

n
egativity

of
d
ivergen

ce:

0
≤

D
(π

o
ld

x
j ||π

n
e
w

x
j
)

=
gain

−
E

f

[log
θ

n
e
w

f
j
−

log
θ

o
ld

f
j

]

•
T

h
at

is:
gain

≥
E

f

[log
θ

n
e
w

f
j
−

log
θ

o
ld

f
j

]

•
T
ake

exp
ectation

over
j

an
d

x
,
an

d
m

axim
ize

E
f
log

θ
n
e
w

f
j

u
n
d
er

th
e

con
strain

t
th

at

θ
f

su
m

s
to

u
n
ity.

R
esu

lt
is

th
e

D
L
-E

M
u
p
d
ate:

θ
n
e
w

f
j

=
1Z

∑

x
∈
Y

j π
o
ld(f

|x
,j)

1
5



D
etail

D
(π

o
ld

x
j ||π

n
e
w

x
j
)

=
∑f

π
o
ld

x
j (f

)
log

π
o
ld

x
j (f

)

π
n
e
w

x
j
(f

)

=
∑f

π
o
ld

x
j (f

)
log



1m
θ

o
ld

f
j

π
o
ld

x
(j)

·
π

n
e
w

x
(j)

1m
θ

n
e
w

f
j



=
log

π
n
e
w

x
(j)

−
log

π
o
ld

x
(j)

−
E

f

[log
θ

n
e
w

f
j
−

log
θ

o
ld

f
j

]

=
gain

−
E

f

[log
θ

n
e
w

f
j
−

log
θ

o
ld

f
j

]

1
6



M
axim

izin
g

D
In

stead
o
f
D

Λ

•
S
tru

ctu
re

is
th

e
sam

e.
R
esu

ltin
g

u
p
d
ate:

θ
n
e
w

f
j

=
1Z



∑

x
∈
Y

j π
o
ld

x
j (f

)
+

1L

∑

x
∈
V

π
o
ld

x
j (f

)



•
Y
arow

sky
varian

ts

–
Y
-1/D

L
-E

M
(L

,
L
U

)

–
Y
-1/D

L
-1

(R
,
V
S
)

–
Y
S

(P
,
R
,
F
S
)

1
7



O
b
jective

F
u
n
ctio

n
K

•
U

p
p
er

b
ou

n
d
in

g
H

H
=

−
∑x

∑

j

φ
x
j
log

∑

g
∈
F

x

1m
θ
g
j

≤
−
∑x

∑

j

φ
x
j

∑

g
∈
F

x

1m
log

θ
g
j

=
1m

∑x

∑

g
∈
F

x

H
(φ

x ||θ
g )

•
M

in
im

ize
K

to
m

in
im

ize
u
p
p
er

b
ou

n
d

on
H

:

K
=
∑x

∑

g
∈
F

x

H
(φ

x ||θ
g )

1
8



R
atio

n
ale

•
S
q
u
eeze

H
b
etw

een
K

an
d

0

•
K

is
in

prin
cip

le
red

u
cib

le
to

0

K
=
∑x

∑

g
∈
F

x

[H
(φ

x )
+

D
(φ

x ||θ
g )]

–
L
ab

el
all

exam
p
les:

H
(φ

x )
→

0

–
E
ach

featu
re

p
erfectly

pred
icts

lab
el:

D
(φ

x ||θ
g )
→

0

–
In

itial
lab

elin
g

m
u
st

co
op

erate
to

p
erm

it
p
erfect

pred
iction

1
9



D
ecisio

n
L
ist

In
d
u
ctio

n
D

L
-0

,
D

L
-1

•
D

L
-0:

b
ase

learn
er

u
sed

by
Y
arow

sky

–
If

q̃
f (j;ε)

>
0.95

for
som

e
j

–
S
et

θ
f
j
=

q̃
f (j;ε)

–
W

h
ere

ε
=

0.1

–
D

efi
n
e

π
x (j)

=
[[j

=
j∗]]

•
D

L
-1-V

S
.
(D

L
-1-R

u
ses

raw
precision

in
stead

of
variab

le
sm

o
oth

in
g.)

–
N

o
th

resh
old

–
S
et

θ
f
j
=

q̃
f (j;ε)

–
W

h
ere

ε
=

|X
f
Λ
|

L
·

p(V
|f

)
p(Λ

|f
)

–
D

efi
n
e

π
x (j)

=
1m

∑

g
∈
F

x
θ
g
j

2
0



T
h
eorem

3

A
lgorith

m
Y

-1
u
sin

g
D

L
-1-V

S
or

D
L
-1-R

as
b
ase

learn
in

g
algorith

m
con

verges
to

lo
cal

m
in

im
u
m

of
K

.

2
1



P
ro

o
f
S
ketch

•
L
ike

D
L
-E

M
pro

of

–
T
rain

in
g

step
:

h
old

φ
con

stan
t,

ad
ju

st
θ

–
L
ab

elin
g

step
:

h
old

θ
con

stan
t,

ad
ju

st
φ

•
L
ab

elin
g

step

K
(x

)
=

∑

g
∈
F

x

H
(φ

x ||θ
g )

=
∑

j

φ
x
j

∑

g
∈
F

x

log
1θ
g
j

–
M

in
im

ize
K

(x
)

by
con

cen
tratin

g
all

m
ass

in
arg

m
in

j
∑

g
∈
F

x
log

1θ
g
j

–
If

train
in

g
step

m
in

im
izes

over
ju

st
Λ

,
an

y
in

crease
in

K
on

u
n
lab

eled
exam

p
les

is
com

p
en

sated
for

in
lab

elin
g

step

2
2



T
rain

in
g

S
tep

•
M

in
im

ize
K

as
fu

n
ction

of
θ,

u
n
d
er

con
strain

t
th

at
∑

j
θ
f
j
=

1

•
S
olu

tion
:

θ
f
j
=

1

|X
f |

∑

x
∈
X

f

φ
x
j

•
If

ran
gin

g
over

Λ
on

ly
(D

L
-1-R

),
red

u
ces

to
raw

precision
:

θ
f
j
=
|X

f Y
j |

|X
f Λ
|

=
q
f (j)

•
If

ran
gin

g
over

all
exam

p
les

(D
L
-1-V

S
),

red
u
ces

to
variab

ly
sm

o
oth

ed
precision

:

θ
f
j

=
p(Λ

|f
)q

f (j)
+

p(V
|f

)u
(j)

=
q̃
f (j;ε)

w
h
ere

ε
=
|X

f Λ
|

L
·
p(V

|f
)

p(Λ
|f

)

2
3



D
etail

•
S
m

o
oth

ed
precision

is
m

ixtu
re

of
raw

precision
an

d
u
n
iform

d
istrib

u
tion

q̃
f (j)

=
|X

f Y
j |

+
ε

|X
f Λ
|
+

L
ε

=
q
f (j)

+
δ

1
+

L
δ

δ
=

ε/|X
f Λ
|

=
1

1
+

L
δ
q
f (j)

+
L

δ

1
+

L
δ
u
(j)

•
M

ixin
g

co
effi

cien
t

is
p(Λ

|f
)ε

=
|X

f Λ
|

L
·
p(V

|f
)

p(Λ
|f

)

L
δ

=
p(V

|f
)

p(Λ
|f

)
=

1

p(Λ
|f

)
−

1

1

1
+

L
δ

=
p(Λ

|f
)

2
4



S
eq

u
en

tial
V
arian

ts

•
Y
arow

sky
varian

ts

–
Y
-1/D

L
-E

M
(L

,
L
U

)

–
Y
-1/D

L
-1

(R
,
V
S
)

–
Y
S

(P
,
R
,
F
S
)

•
S
om

ew
h
at

like
C
ollin

s
&

S
in

ger
“Y

arow
sky-C

au
tiou

s”

•
A
lgorith

m
Y
S

–
A
d
d

on
e

featu
re

f
at

a
tim

e

–
L
ab

el
n
ew

exam
p
les

th
at

h
ave

f

–
F
eatu

re
w
eigh

ts
an

d
lab

els
are

in
d
elib

le

2
5



T
h
ree

V
arian

ts

•
D

iff
er

in
u
p
d
ate

ru
le

Y
S
-P

(“p
eaked

”)
θ

f
j
=

p(Λ
|f

)q
f (j)

+
p(V

|f
)[[j

=
j†]]

j†
=

arg
m

ax
j
q(j|f

)

Y
S
-R

(“raw
”)

θ
f
j
=

q
f (j)

Y
S
-F

S
(“sm

o
oth

ed
”)

θ
f
j
=

q̃
f (j;ε)

=
1

1+
L

δ q
f (j)

+
L

δ
1+

L
δ u

(j)

•
T

h
eorem

4:
A
ll

th
ree

red
u
ce

K
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P
ro

o
f
S
ketch

gain
=
∑x

∑

g
∈
F

x

[H
(φ

o
ld

x
||θ

o
ld

g
)
−

H
(φ

n
e
w

x
||θ

n
e
w

g
)
]

•
“T

rain
in

g”:
h
old

φ
con

stan
t
excep

t
fo

r
u
n
la

beled
exa

m
p
les.

C
h
o
ose

f
,
m

o
d
ify

θ
f ,

set
lab

els
for

u
n
lab

eled
exam

p
les

th
at

h
ave

featu
re

f
.

–
U

n
lab

eled
exam

p
les

h
ave

φ
x
j
=

1/L
,
θ
g
j
=

1/L

–
L
ab

elin
g

th
em

d
ecreases

K
,
in

clu
d
e

th
at

in
“train

in
g”

gain

•
“L

ab
elin

g”:
ch

an
ge

lab
els

for
old

lab
eled

exam
p
les

–
D

o
es

n
ot

in
crease

K
–

sam
e

pro
of

as
for

D
L
-E

M
an

d
D

L
-1
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“
T
rain

in
g
”

G
ain

•
S
p
ecial

prop
erties

–
K

ch
an

ges
on

ly
for

exam
p
les

th
at

p
ossess

featu
re

f

–
O

ld
θ
f

is
u
n
iform

d
istrib

u
tion

–
A
ll

θ
g

are
u
n
iform

d
istrib

u
tion

for
featu

res
g

of
u
n
lab

eled
exam

p
les

–
L
ab

elin
g

d
ist

φ
x

is
eith

er
[[x

∈
Y

j ]]
or

u
n
iform

–
N

ew
φ

x
is

[[j
=

j∗
]]

for
previou

sly
u
n
lab

eled
exam

p
les

w
ith

f

•
G
ain

:

|X
f Λ
|[log

L
−

H
(q

f ||θ
f )]+

|X
f V

|

log
L
−

log
1

θ
f
j∗



•
M

axim
ize

it,
resu

lt
is

u
p
d
ate

for
Y
S
-P

:

θ
f
j
=

p(Λ
|f

)q
f (j)

+
p(V

|f
)[[j

=
j†]]
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U
sin

g
S
m

o
o
th

ed
or

R
aw

P
recisio

n

•
S
in

ce
log

L
=

H
(u

):

gain
=
|X

f Λ
|[H

(u
)
−

H
(q

f ||θ
f )]+

|X
f V
|

H
(u

)
−

log
1

θ
f
j∗



•
S
in

ce
H

(u
)
≥

log
1

θ
f
j
∗ ,

gain
is

n
on

n
egative

if:

H
(u

)
≥

H
(q

f ||θ
f )

–
W

e
can

sh
ow

th
is

is
tru

e
if

θ
f

=
q̃
f ,

h
en

ce
Y
S
-F

S
in

creases
gain

•
S
in

ce
H

(u
)
=

H
(q

f ||u
),

th
e

previou
s

con
d
ition

is
eq

u
ivalen

t
to:

D
(q

f ||u
)
≥

D
(q

f ||θ
f )

–
T

h
is

is
tru

e
if

θ
f

=
q
f ,

so
Y
S
-R

in
creases

gain
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S
u
m

m
ary

Y
-1/D

L
-E

M
(L

,
L
U

)
Y

-1
close

to
origin

al
op

tim
ize

H

D
L
-E

M
n
ot

p
arallel

u
p
d
ate

Y
-1/D

L
-1

(R
,
V

S
)

Y
-1

an
d

D
L
-1

op
tim

ize
K

close
to

origin
al

p
arallel

u
p
d
ate

Y
S

(P
,
R

,
F
S
)

F
S

from
origin

al
im

p
rove

K

seq
u
en

tial
u
p
d
ate

•
D

iff
eren

ces
from

origin
al

–
N

o
th

resh
old

in
g

in
train

in
g

or
lab

elin
g

–
N

o
“u

n
lab

elin
g”

–
M

ixtu
re

pred
iction

rath
er

th
an

“m
ax”

pred
iction
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C
o
n
n
ectio

n
to

C
o
-T

rain
in

g

H
=
∑x

[H
(φ

x )
+

D
(φ

x ||π
x )]

•
If

D
(φ

x ||π
x )

is
sm

all
an

d
H

(π
x )

is
sm

all,
th

en
H

(φ
x )

m
u
st

b
e

sm
all

H
(π

x )
≤

1m

∑

f
∈
F

x

H
(θ

f )
+

1m
2

∑

f
∈
F

x

∑

g
∈
F

x

D
(θ

f ||θ
g )

•
H

en
ce:

if
featu

res
are

con
fi
d
en

t
H

(θ
f )

is
sm

all

an
d

th
e
y

a
g
r
e
e

w
ith

e
a
c
h

o
th

e
r

D
(θ

f ||θ
g )

is
sm

all

th
en

H
(π

x )
is

sm
all

•
F
in

d
con

fi
d
en

t
featu

res
th

at
agree

on
u
n
lab

eled
d
ata,

lab
el

th
em

con
sisten

tly
w

ith

lab
eled

d
ata.

M
in

im
izes

H
.
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